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Abstract 

The Batalin-Vilkovisky field-antifield action for systems with first-class constraints 
is given explicitly in terms of the canonical hamiltonian, the hamiltonian constraints 
and the first-order hamiltonian gauge structure functions. It is shown that this action 
does not depend on the hamiltonian gauge structure functions of higher orders. A 
method for finding the lagrangian gauge structure tensors of all orders is presented. It 
is proven that the lagrangian gauge structure tensors do not depend on the hamiltonian 
gauge structure functions of second- or higher-orders. 



The Batalin-Vilkovisky (BV) quantization approach [1, 2, 3, 4] is a reliable quantization 
scheme for theories with open gauge algebras like supergravity [5, 6, 7]. In the lagrangian 
formalism, an open gauge algebra is characterized by a set of gauge structure tensors [7, 1, 2, 
3]. These tensors can be obtained from the BV field-antifield action [2, 3]. In several works 
[8, 9, 10, 11, 12, 13, 14] it has been shown that the BV field- antifield action is determined by 
the BRST extended Hamiltonian and the BRST charge. In order to determine the BRST 
charge, one requires knowledge of the hamiltonian gauge structure functions of all orders [15]. 
Therefore, one may conclude that the lagrangian gauge structure tensors of higher orders 
must depend on the higher order hamiltonian gauge structure functions. In this paper we 
will show that this is not the case. 

The purpose of the present paper is to prove that all the lagrangian gauge structure 
tensors are completely determined by the canonical Hamiltonian, the hamiltonian first-class 
constraints and the hamiltonian first-order gauge structure functions. In order to accomplish 
this, we will show that the generating functional of the lagrangian gauge structure tensors, 
the BV field-antifield action, can be written as a function of these hamiltonian quantities 
alone and does not depend on the hamiltonian gauge structure tensors of higher orders. We 
will also present an algorithm that will allow us to find all the lagrangian gauge structure 
tensors explicitly. 

The BV field-antifield action S is a proper solution of the classical master equation [2, 3]: 



with the boundary conditions: 



(S,S) = (1) 

>S1g*=o,e*=o = (2) 

SAS = n (3) 

g*=0,C*=0 



5q*5C» 



The bracket in (1) is the BV antibracket [2]. 

The quantities = 1,2, ...,m) are ghost fields. The variables q*(i = 1,2, ...,n) and 

= 1,2, ...,m) are the antifields [2]. 
The zeroth-order lagrangian gauge structure function S is the action functional of the 
physical theory: 



?o = J dtL (4) 



The lagrangian first-order gauge structure functions R 1 are the generators of the la- 
grangian gauge transformations. 

The BV field-antifield action can be written in the following form: 



S= I dtL (5) 

where [2, 3]: 
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L = L + q*K a C a + l -QTi^C a - l -qlq*E^C a - ^Qq*D%^C a + 

+^QUHM^C^C a + ... (6) 

The tensors T^g and E % K are the second-order gauge structure functions of the gauge 
algebra in the lagrangian formalism. The generators of lagrangian gauge transformations R 1 ^ 
are said to form an open gauge algebra if E l ^ g ^ [7, 1, 2, 3]. If E^ g = 0, the gauge algebra 
is said to be closed. 

The existence of the higher order lagrangian gauge structure functions (D^ 8j , M l J^, etc) 
has been proven using an axiomatic approach in [2]. These functions were constructed 
explicitly in [16]. 

The BV field-antifield action is the generating functional of the structure tensors of the 
gauge algebra in the lagrangian formalism [2, 3]. 

Let us consider a system with only primary first-class irreducible hamiltonian constraints 
G^(fi = 1, 2, m), such that [17, 18]: 

{G a , Gg} = ClpG^ (7) 
{H ,G,} = V^G V (8) 



The function H is the canonical Hamiltonian. The tensors C^g and are the hamil- 
tonian gauge structure functions of first- and second-order respectively. 

Let FL* be the pullback application [19, 20] from the momentum phase space into the 
velocity phase space defined by the relations: 

FL*p^^,g) (10) 

Notice that the generators of the lagrangian gauge transformations R 1 ^ can be written in 
terms of the hamiltonian constraints as follows [17]: 

«i = FL'^i (11) 

Let us consider the extended momentum phase space with points (q\ Vi,C a ,7r a , q*, p*i , Cg, it* 13 ), 
where Vi are the canonical momenta conjugate to q % : 

-lQqlp^(q,p)C^C a + ^Cq:qlp^(Q,P)C^C a + ... (12) 
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The canonical momentum variables n a , p* j and tt* 13 are conjugate to the coordinates C a , q* 
and Cp respectively. 

We define the pullback application T C* as follows: 

7CV % = FL*p t + q* k FL*plC a + l -C* 5 ¥Vpl^C a - \<f k <£FU 'pf a ^ <C a 

~C 5 qt¥l/pf aM C^C a + ^CtfqlFUp^C^C* + ... (13) 

F£*n a = (14) 
FC*p* 3 = (15) 

TL*^ = (16) 

The functions FL*p t , FL*pf a , FL*p s ia/3 , FL*p 1 ^, FL*p^, FVpgfo, etc are determined 
by the equations: 

TCTP, ^ w (17) 

^._ + AW _^ M . (18) 

TCG^ = (19) 

We claim that the BV Lagrangian L can be written in terms of the canonical Hamiltonian 
H , the hamiltonian first-class constraints G M and the hamiltonian first-order gauge structure 
funtions C^ v as follows: 



The hamiltonian H will be given by the expression 

From (13) it follows that for any analytic function K = K (q, V) we can write: 



L = q l J=CVi - FC*H Q + qlJ=C -^-C a + -C* s FC*C s aP C p C a (20) 



H = H (q, V) - q*^ (q, V) C a - -QC 5 a , (q, V) C?C a (21) 
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ee FL*K + g*FL* ^ + ±C,*FL* (^pL,) C?C a 



2 

1 . . *„ r *fdK , m „ d 2 K 



_l_ x o*T?T * / ~i~J_J.rnn u i n Im , n Im , n Zm \ 

-^J^lnlmll f ^ ^^7 P »a/37 dpidpj ^ PiaP 'j^ V ^31o. + Pi-yPjaf}) 



d 3 K \ 

+2 w^«^) C7cSc " + ^ (22 > 

The Lagrange multipliers A M can also be written as: 

A» = A"((Z, g) + « fe (g, q)C a + lc* s X^(q, q)C?C a + ... (23) 
Let us consider the action: 

f dtL (24) 



where L is given by the expression (20). 

We will prove that the action S (24,20) is a proper solution of the classical master equation 
(1) with the boundary conditions (2) and (3). 

The antibracket in (1) can be written as [2, 3]: 

From (20) and (21) we find that the first functional derivatives of the action S can be 
written in the following form: 

= ~™*^+( ? ~ ™*£P\ ( ^~ i^V,) + A {TCV S ) i) (26) 

8q l dt dq l V dVjJydq 1 ^ 31 dq l v 31 dt J v ' 

SiS ^ r *dG ana , d l _^8H 



5q t (27) 



5C a 

<), S 



(29) 



On the other hand, from (19) we find the following identities: 



dq 



_d_ 
dq~ 



dq* V ^' 



d, 



dq 1 dq 

f) fir 1 
dq* v 31 dVj 

.dG a d r 



= 



dc 
A 

dC* 



-(jrg,K^-(jr^),o 



dVj dC c 



dC. 



Substituting (18) and (30-34) into (26-29) we finally obtain: 

bq % dt dq 1 dq 1 



S r S 
6C^ 



5q* - ~ or, 

,dG a 



= qiF£*^- + QF£*C 5 a ^ 



(30) 
(31) 
(32) 
(33) 
(34) 

(35) 
(36) 
(37) 
(38) 



Therefore, we can write the BV antibracket of the action S with itself as follows: 



(S,S) = 2jdt ^*^t| + 

- ( tc*^ + aw|) tct^w 

\ dq 1 dq 1 ) dVi 



(39) 



From (39), integrating by parts and using the relations (18, 21) we find that the BV 
antibracket of the functional S with itself can be written as: 
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(S,S) = 2 J 



dt 



j t {FC*G a ) C a + FC*{G a , H }C a + AW{G a , G,}C a 



^ f r 1 r< \ QG^ jj 



-qQF £>* {{G a , C 6 ^} + {Gp, C 5 ia } + {Gj, C 5 al3 \ + ClpC 5 ^ + C' n ^C 5 av 



+ ( 



c 



Using (7, 8, 9) and (19) in (40), it immediately follows that (40) reduces to: 



c^cL) crcPc* 



(40) 



(S, S) = 2F£* V, 



dG a 



Assuming that C a (ti) = C a (tj) = we finally obtain: 

(S, S) = 

This proves that S in (24, 20) satisfies the BV classical master equation. 
From (20) and (12) it immediately follows that: 



(41) 



(42) 



L\q*=0,C*=0 



fFVpi - FL*H = L c 



and therefore, S in (24, 20) satisfies the boundary condition (2). 
From (36) and (37) it follows that: 



S[5 r S 



q *=o,c*=o 



8q*8C» 

Finally, from (44), (22) and (11) we obtain: 

8i8 r S 



dGa 



8q*8fr 



= Rl 



(43) 



(44) 



(45) 



g*=0,C*=0 

This proves that the action functional S also satisfies the boundary conditions (3). 
Therefore, we conclude that the Batalin-Vilkovisky field-antifield action can be written 
in the form: 



dt q'TCTVi - F£*H + qt^C*— -C a + -C* & FC*Cifi p C c 

oPk 2 



(46) 



As it can be seen from (46), the BV field-antifield action is completely determined by 
the canonical hamiltonian Hq, the hamiltonian constraints G^ and the hamiltonian first- 
order gauge structure functions C^. It does not depend on the hamiltonian second-order 
gauge structure functions J^ 7 or other higher order hamiltonian gauge structure functions. 
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Since the BV field-antifield action is the generating functional of all the lagrangian gauge 
structure tensors (6), we conclude that the lagrangian gauge structure tensors of all orders 
are completely determined by H , G^ and C^ u . 

Notice that formula (46) is valid for the generic case of systems with open lagrangian 
gauge algebras. These systems may have nonvanishing lagrangian gauge structure tensors 
of higher orders. 

From (46) using (13) and (22) and expanding (18) and (19) with the use of (13), (22) and 
(21, 23) we obtain the lagrangian gauge structure tensors up to fourth order in the form: 

S = j alt [cfYVpi - FL*# ] (47a) 
Rl = FL-^ (47b) 
T'i„ = FL'C™, (47c) 

/ pjln pjln \ 

nv _ _i FI * („i d S±L + „i ?2k + „i (A 7e ) 
3^ L \ Pka dp k + Pk ? d Pk + Pk ^ dp k J {A7e) 



M ijk = --FL* 



a/37 3 



d 2 G n ij d 2 Gp ij d 2 G 1 ij 



dpkdpi 11 dp k dpi 7 ° dp k dpi 

d G q> / i j i i \ ^ Gr 8 ( i ? % j \ 

f 'dp k dp m dp n ~ PrmPnP) + d Vk d Vm dp n M " ~ P ™M + 

+ ' dp k dpldp n ^ maP ^ ~ p^pL) 



(47f) 



The functions FL*p* a and FL*p^ are given by the expressions: 



FL*^ = ^. fc FL*^-£- (48) 



^ fcMiy <9<? fc \dpidpi dp m dpj dpidpi dpmdpj J 

_ a a 2 ^ d 2 G^ \ 

+ W lm W kn FL — - ^^-J (49) 

The above derivations illustrate how the lagrangian gauge structure tensors can be derived 
from the BV field-antifield action (46). 
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